New characterizations for hyperbolic cylinders in anti-de Sitter spaces  by Chaves, R.M.B. et al.
J. Math. Anal. Appl. 393 (2012) 166–176
Contents lists available at SciVerse ScienceDirect
Journal of Mathematical Analysis and
Applications
journal homepage: www.elsevier.com/locate/jmaa
New characterizations for hyperbolic cylinders in anti-de Sitter spaces
R.M.B. Chaves a, L.A.M. Sousa Jr. b,∗, B.C. Valério a
a Instituto de Matemática e Estatística, Universidade de São Paulo, Rua do Matão, 1010, São Paulo, SP, CEP 05508-090, Brazil
b Departamento de Matemática e Estatística, Universidade Federal do Estado do Rio de Janeiro, Avenida Pasteur, 458, Urca, Rio de Janeiro, RJ,
CEP 22290-240, Brazil
a r t i c l e i n f o
Article history:
Received 22 August 2011
Available online 13 April 2012
Submitted by R. Gornet
Keywords:
Anti-de Sitter space
Complete spacelike hypersurfaces
Gauss–Kronecker curvature
Scalar curvature
a b s t r a c t
In this paper we study complete maximal spacelike hypersurfaces in anti-de Sitter
space Hn+11 with either constant scalar curvature or constant non-zero Gauss–Kronecker
curvature. We characterize the hyperbolic cylinders Hm(c1)× Hn−m(c2), 1 ≤ m ≤ n− 1,
as the only such hypersurfaces with (n − 1) principal curvatures with the same sign
everywhere. In particular we prove that a complete maximal spacelike hypersurface inH51
with negative constant Gauss–Kronecker curvature is isometric to H1(c1)× H3(c2).
© 2012 Elsevier Inc. All rights reserved.
1. Introduction
Let Q n+pp (c) be an n+ p-dimensional connected semi-Riemannian manifold with index p and constant curvature c , that
is, Q n+pp (c) is the de Sitter space Sn+pp (c) with index p, the Lorentz–Minkowski space Rn+pp (c) with index p or the anti-de
Sitter space Hn+pp (c)with index p, according to c > 0, c = 0 or c < 0.
Anti-de Sitter space,Hn+11 (c), is themaximally symmetric solution of Einstein’s equationswith an attractive cosmological
constant included; in reality the cosmological constant is certainly not attractive, but it is possible to regard it merely as a
kind of regularization of the long-distance behaviour of gravity.
A hypersurfaceMn in Qn+11 (c) is said spacelike if the induced metric onMn from that of Q
n+1
1 (c) is positive definite.
In recent years, the study of spacelike hypersurfaces in semi-Riemannian spaces has got increasing interest motivated
by their importance in problems related to Physics, more specifically in the theory of general relativity, see for example
Marsden and Tipler [1].
We say thatMn is amaximal hypersurface if its mean curvature vanishes identically.
Calabi [2] first studied the Bernstein problem formaximal spacelike entire graphs inRn+11 , n ≤ 4, and proved that it must
be a hyperplane. Later Cheng and Yau [3] showed that this conclusion remains true for arbitrary n. In [4] Ishihara proved that
complete maximal spacelike submanifolds ofQn+pp (c), c ≥ 0, are totally geodesic. Further, in the same paper he proved that
if Mn is a complete maximal spacelike submanifold of Hn+pp (−1), then 0 ≤ S ≤ np, where S is the square of the length of
the second fundamental form ofMn, and that S = np if and onlyMn is isometric to the productHn1(c1)× · · ·×Hnp+1(cp+1),
where n = n1 + · · · + np+1, ci < 0, and Hni(ci) is a ni-dimensional hyperbolic space of constant curvature ci.
Maximal hypersurfaces of Qn+11 (c) are among the most studied objects in Lorentzian geometry. In recent years, some of
their properties have been generalized to constant k-th mean curvature Hk =1≤i1<···<ik≤n λi1 · · · λik , 1 ≤ k ≤ n, the k-th
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symmetric function of the principal curvatures λi of the hypersurface. When k = 1 or k = n, Hk is called themean curvature
and the Gauss–Kronecker curvature ofMn, respectively.
It is a well known extension of the Egregium Theorem that Hk for k ≥ 2 even and for k ≥ 3 odd are ‘‘intrinsic’’ in the sense
that they can be expressed in terms of the λi and the geometry of the first fundamental form of the hypersurface, while the
mean curvature H is extrinsic.
Let Mn be a complete hypersurface of Sn+11 (1) with constant mean curvature H ≠ 0. In [5] Goddard conjectured that
such hypersurfaces must be totally umbilical, i.e, obtained by intersecting Sn+11 (1) with linear hyperplanes of R
n+2
1 . This
conjecture is true if n = 2 and H2 ≤ 4 or if n ≥ 3 and H2 < 4(n− 1) and in the other cases examples of complete spacelike
hypersurfaces of Sn+11 (1)with constant mean curvature not totally umbilical were exhibited (cf. [6–8]).
There are some interesting results related to the study of spacelike hypersurfaces with constant scalar curvature in De
Sitter space, Sn+11 (1). Zheng [9] proved that a compact spacelike hypersurface in S
n+1
1 (c) with constant normalized scalar
curvature R, R < c , and non-negative sectional curvatures is totally umbilical. Later, Cheng and Ishikawa [10] showed that
Zheng’s result in [11] is also true without additional assumptions on the sectional curvatures of the hypersurface.
In [12] Camargo–Chaves–Sousa answered a question posed by Li in Section 4 of [13] with an additional hypothesis on the
mean curvature. The authors proved that a complete spacelike hypersurface in Sn+11 (1), n ≥ 3, with constant normalized
scalar curvature R satisfying n−2n ≤ R ≤ 1 and bounded mean curvature is totally umbilical.
Concerning 3-dimensional complete maximal spacelike hypersurfaces of H41(−1), Cheng [14] proved the following
results.
Theorem 1.1. Let M3 be a complete maximal spacelike submanifold of H41(−1) with nonzero constant Gauss–Kronecker
curvature. Then M3 is isometric to the hyperbolic cylinder H1(c1)× H2(c2).
Theorem 1.2. Let M3 be a complete maximal spacelike submanifold of H41(−1) with constant scalar curvature and inf K 2 > 0,
where K is the Gauss–Kronecker curvature. Then M3 is isometric to the hyperbolic cylinder H1(c1)× H2(c2).
When the Gauss–Kronecker curvature is zero, Cheng and Suh [15] obtained the following result.
Theorem 1.3. Let M3 be a complete maximal spacelike submanifold of H41(−1)with zero Gauss–Kronecker curvature. Then M3
satisfies S ≤ 2, where S is the square of the length of the second fundamental form of Mn.
As far as we know, the classification of complete maximal hypersurfaces ofH41(−1)with either constant scalar curvature
or constant Gauss–Kronecker curvature has not been completed.
In [16] Cao and Wei characterized the hyperbolic cylinder Hm(c1) × Hn−m(c2), 1 ≤ m ≤ n − 1, as the only complete
maximal spacelike hypersurface inHn+11 (−1), n ≥ 2, with two distinct principal curvatures λ andµ that satisfy inf(λ−µ)2
> 0. Recently, Wu [17] proved that the only complete spacelike hypersurfaces in Hn+11 (−1), n ≥ 3, with either constant
mean curvature or constant scalar curvature and two distinct principal curvatures λ and µ that satisfy inf(λ− µ)2 > 0 are
isometric to hyperbolic cylinders Hm(c1) × Hn−m(c2), 1 ≤ m ≤ n − 1, and he also showed that the corresponding result
does not hold for Hk, k ≥ 3.
Motivated by these results, in this paper we investigate complete maximal spacelike hypersurfaces in Hn+11 (−1) with
either constant scalar curvature or with constant non-zero Gauss–Kronecker curvature. More precisely, we prove the
following results:
Theorem 1.1. Let Mn be a complete maximal hypersurface in Hn+11 (−1). If Mn has constant scalar curvature, n − 1 principal
curvatures with the same sign everywhere and Gauss–Kronecker curvature bounded away from zero, then Mn is isometric to the
hyperbolic cylinder H1(c1)× Hn−1(c2).
Corollary 1.2. Let M4 be a completemaximal hypersurface inH51(−1)with constant scalar curvature. If M4 has Gauss–Kronecker
curvature negative and bounded away from zero everywhere, then M4 is isometric to the hyperbolic cylinder H1(c1)× H3(c2).
Theorem 1.3. Let Mn be a complete maximal hypersurface in Hn+11 (−1) with nonzero constant Gauss–Kronecker curvature.
If Mn has n − 1 principal curvatures with the same signal everywhere, then Mn is isometric to the hyperbolic cylinder
H1(c1)× Hn−1(c2).
Corollary 1.4. Let M4 be a complete maximal hypersurface inH51(−1)with negative constant Gauss–Kronecker curvature, then
M4 is isometric to the hyperbolic cylinder H1(c1)× H3(c2).
We point out that, until authors’ knowledge, Corollaries 1.2 and 1.4 are the first results towards the classification of
complete maximal spacelike hypersurfaces of H51(−1) with either constant scalar curvature or constant Gauss–Kronecker
curvature.
2. Preliminaries
Let Rn+22 denote an (n + 2)-dimensional real vector space endowed with an inner product of index 2 given by ⟨x, y⟩ =
−2i=1 xiyi +n+2j=3 xjyj, where x = (x1, x2, . . . , xn+2) is the natural coordinate of Rn+22 . We also define the anti-de Sitter
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space Hn+11 as follows:
Hn+11 =

(x1, x2, . . . , xn+2) ∈ Rn+22 :−
2
i=1
xi2 +
n+2
j=3
xj2 = −1

.
LetMn be an n-dimensional hypersurface in the anti-de Sitter spaceHn+11 . For any p ∈ Mn, we choose a local field of semi-
Riemannian orthonormal frames {e1, . . . , en+1} inHn+11 around p such that e1, . . . , en are tangent toMn. We shall make use
of the following convention on the range of indices: 1 ≤ A, B, C, . . . ≤ n+ 1, 1 ≤ i, j, k, . . . ≤ n.
With respect to the frame field chosen above, let {ωA} be the corresponding dual coframe with the connection one
forms {ωAB}.
Set εi = 1 and εn+1 = −1. The semi-Riemannian metric and the structure equations of Hn+11 are given, respectively, by
ds¯2 =

A
εAω
2
A
dωA =

B
εBωAB ∧ ωB ωAB + ωBA = 0
dωAB =

C
εCωAC ∧ ωCB − 12

C,D
εCεDKABCDωC ∧ ωD
KABCD = −εAεB(δACδBD − δADδBC ),
where KABCD are the components of the curvature tensor of Hn+11 .
A hypersurface Mn in Hn+11 is said to be spacelike if the indefinite metric of H
n+1
1 induces a positive definite metric on
Mn. In this case, the metric ofMn is written as ds2 =iw2i .
Since ωn+1 = 0 onMn, by Cartan’s Lemmawe have
ωn+1i =

j
hijωj, hij = hji. (2.1)
Let h =i,j hijωiωj and H = 1n i hii denote, respectively, the second fundamental form and the mean curvature ofMn.
The structure equations ofMn are given by
dωi =

j
ωij ∧ ωj, ωij + ωji = 0,
dωij =

k
ωik ∧ ωkj − 12

k,l
Rijklωk ∧ ωl,
where Rijkl are the components of the curvature tensor ofMn.
Using the structure equations we obtain the Gauss equation
Rijkl = δilδjk − δikδjl + hilhjk − hikhjl.
The Ricci curvature and the normalized scalar curvature ofMn are given, respectively, by
Rij = −(n− 1)δij − nHhij +

k
hikhkj, (2.2)
R = 1
n(n− 1)

i
Rii. (2.3)
From (2.2) and (2.3) we obtain
n(n− 1)(R+ 1) = S − n2H2, (2.4)
where S =i,j h2ij is the squared norm of h.
The components hijk of the covariant derivative ∇h satisfy
k
hijkωk = dhij +

k
hikωkj +

k
hjkωki. (2.5)
Then, by exterior differentiation of (2.1), we obtain the Codazzi equation
hijk = hjik = hikj. (2.6)
R.M.B. Chaves et al. / J. Math. Anal. Appl. 393 (2012) 166–176 169
Similarly, the components hijkl of the second covariant derivative ∇2h are given by
l
hijklωl = dhijk +

l
hljkωli +

l
hilkωlj +

l
hijlωlk.
By exterior differentiation of (2.5), we get the Ricci equation
hijkl − hijlk =

m
himRmjkl +

m
hjmRmikl. (2.7)
The Laplacian△hij of hij is defined by△hij =k hijkk. From (2.6) and (2.7), we have
△hij =

k
hkkij +

m,k
hkmRmijk +

m,k
hmiRmkjk. (2.8)
In the proof of our results we will need the well known generalizedMaximum Principle due to Yau [11].
Lemma 2.1. Let Mn be a complete Riemannian manifold with Ricci curvature bounded from below and let F :Mn → R be a
C2-function which is bounded from below on Mn. Then there is a sequence of points {pk} in Mn such that
(i) F(pk) < inf F + 1k , (ii) |∇F(pk)| < 1k and (iii)∆F(pk) > − 1k .
3. Proofs of the results
Proof of Theorem 1.1. For any fixed point p onMn, we can choose a local orthonormal frame field {e1, . . . , en} such that
hij = λiδij.
By changing the orientation for Mn and renumbering e1, . . . , en if necessary, we may assume λn < 0 < λ1 ≤ λ2 ≤ · · · ≤
λn−1.
As K is bounded away from zero, the function
F = log | det(hij)| (3.1)
is globally defined onMn and is smooth. The Laplacian of F is given by
∆F = −

i,j,k
1
λiλj
h2ijk +

i,k
1
λi
hiikk. (3.2)
From (2.7), (2.8) and the fact thatMn is maximal, that is,

k hkk = 0, we have
k
hijkk = ∆hij = (S − n)hij. (3.3)
Taking j = i in (3.3) we obtaink hiikk = (S − n)λi. Then
i,k
1
λi
hiikk =

i
1
λi

k
hiikk

=

i
(S − n) = n (S − n) . (3.4)
Since S is constant, it follows that
0 = 1
2
∆S = S(S − n)+

i,j,k
h2ijk
= S(S − n)+

i
h2iii + 3

i≠j
h2iij +

i≠j≠k
h2ijk. (3.5)
Moreover we also have
−

i,j,k
1
λiλj
h2ijk = −

i
1
λi
2
h2iii −

i=j≠k
1
λi
2
h2iik −

i=k≠j
1
λiλj
h2iij −

i≠j=k
1
λiλj
h2jji −

i≠j≠k
1
λiλj
h2ijk. (3.6)
By replacing (3.4)–(3.6) into (3.2) multiplied by S,we get
S∆F = −

i

S
λ2i
+ n
3

h2iii −

i≠j

S
λ2i
+ 2S
λiλj
+ n

h2iij −

i≠j≠k

S
λiλj
+ n
3

h2ijk +
2n
3
S(S − n). (3.7)
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From Codazzi equationwe can write
3

i≠j≠k
1
λiλj
h2ijk =

i≠j≠k

1
λiλj
+ 1
λiλk
+ 1
λjλk

h2ijk
=

i≠j≠k

λi + λj + λk
λiλjλk

h2ijk. (3.8)
After replacing (3.8) in (3.7), we obtain
S∆F = −
n
i

S
λ2i
+ n
3

h2iii −
n−1
i≠j

S
λ2i
+ 2S
λiλj
+ n

h2iij −
n−1
i=1

S
λ2i
+ 2S
λiλn
+ n

h2iin
−
n−1
j=1

S
λ2n
+ 2S
λjλn
+ n

h2nnj −
1
3
n
i≠j≠k

λi + λj + λk
λiλjλk

S + n

h2ijk +
2n
3
S(S − n). (3.9)
Let us analyse the sign of the summands in (3.9). The first and second summands are evidently non-positive and, as
λi+λj+λk
λiλjλk
> 0, for i ≠ j ≠ k ∈ {1, 2, . . . , n}, then the fifth summand is also non-positive. Further, since nλn2 >
λ1
2 + λ22 + · · · + λn2 = S, we get
n−1
i=1

S
λ2i
+ 2S
λiλn
+ n

h2iin ≥
n−1
i=1

S
λ2i
+ 2S
λiλn
+ S
λn
2

h2iin
=
n−1
i=1
S

1
λi
+ 1
λn
2
h2iin ≥ 0. (3.10)
So the third summand is non-positive.
It remains to study the sign of the summand γ = n−1j=1  Sλ2n + 2Sλjλn + n h2nnj. The idea is to consider terms in
i

S
λ2i
+ n3

h2iii and
n−1
i≠j

S
λ2i
+ 2S
λiλj
+ n

h2iij that compensate the non-positive terms in γ .
For this purpose, we will prove the following algebraic lemma.
Lemma 3.1. Let λi and βij, i, j = 1, . . . , n, be real numbers such that λn < 0 < λ1 ≤ · · · ≤ λn−1 andi λi = i βij =
i λiβij = 0, j = 1, . . . , n. Let us fix j ∈ {1, . . . , n} and let gj ∈ {1, . . . , n} be the greatest index such that |βgjj| = max{|βij|, i =
1, . . . , n}. Then gj = n if and only if βij = 0, i = 1, . . . , n.
Proof. For the sake of simplicity, from now on we shall drop the subscript j in gj. Suppose g = n. If βnj ≠ 0, we will derive
a contradiction. Without loss of generality, we can assume βnj > 0.
By assumption we have

i λi =

i βij =

i λiβij = 0, hence
0 =
n−1
i=1
λiβij + λnβnj =
n−1
i=1
λiβij +

−
n−1
i=1
λi

βnj =
n−1
i=1
λi(βij − βnj). (3.11)
Since λi > 0, i = 1, . . . , n − 1, and βij − βnj ≤ 0 by (3.11) we conclude that βij = βnj, i = 1, . . . , n − 1. Theni βij = 0
implies that βnj = 0, which is a contradiction. The converse is immediate. 
By differentiating

i hii = 0 and

i,k h
2
ik = S = const., we obtain
i
hiij = 0 and

i
λihiij = 0, j = 1, . . . , n.
Therefore, defining βij = hiij, then λi and βij satisfy the conditions of Lemma 3.1. We saw in the proof of Lemma 3.1 that
for a fixed j ∈ {1, 2, . . . , n − 1} it follows that max{|hiij|, i = 1, . . . , n} ≠ |hnnj| or hnnj = 0. Denote by gj the index in
In−1 = {1, . . . , n− 1} such that |hgjgjj| = max{|hiij|, i = 1, . . . , n}.
Consider the following subsets of In−1:
A = {j ∈ In−1; gj = j}, B = {j ∈ In−1; gj ∉ {j, n}},
C = {j ∈ In−1; gj = n}. (3.12)
After renumbering e1, . . . , en if necessary, we can assume that A = ∅ or A = {1, . . . , r}, B = ∅ or B = {r + 1, . . . , t}, C = ∅
or C = {t+1, . . . , n−1}, where we adopt the following convention: if A = ∅, then r = 0, if B = ∅, then t = r and if C = ∅,
then t = n− 1. For instance, if B = ∅, then A = {1, . . . , r} and C = {r + 1, . . . , n− 1}.
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Let us write Eq. (3.9) in a more convenient way.
S∆F = −
n
i=r+1

S
λ2i
+ n
3

h2iii −

i≠j∈In−1,(i,j)≠(gj,j)

S
λ2i
+ 2S
λiλj
+ n

h2iij
−
n−1
i=1

S
λ2i
+ 2S
λiλn
+ n

h2iin −
r
j=1

S
λ2n
+ 2S
λjλn
+ n

h2nnj +

S
λ2j
+ n
3

h2jjj

−
t
j=r+1

S
λ2n
+ 2S
λjλn
+ n

h2nnj +

S
λ2gj
+ 2S
λjλgj
+ n

h2gjgjj

− 1
3
n
i≠j≠k

λi + λj + λk
λiλjλk

S + n

h2ijk +
2n
3
S(S − n).
Since h2jjj ≥ h2nnj, j = 1, 2, . . . , r , we get
r
j=1

S
λ2n
+ 2S
λjλn
+ n

h2nnj +
r
j=1

S
λ2j
+ n
3

h2jjj ≥
r
j=1

S
λ2n
+ 2S
λjλn
+ S
λj
2 +
4n
3

h2nnj
=
r
j=1

S

1
λn
+ 1
λj
2
+ 4n
3

h2nnj ≥ 0. (3.13)
Moreover, since h2gjgjj > h
2
nnj, j = r + 1, . . . , t , we also have
t
j=r+1

S
λ2n
+ 2S
λjλn
+ n

h2nnj +
t
j=r+1

S
λ2gj
+ 2S
λjλgj
+ n

h2gjgjj
≥
t
j=r+1

S
λ2n
+ S
λ2gj
+ 2n+ 2S
λj

1
λgj
+ 1
λn

h2nnj ≥ 0. (3.14)
Then by (3.13) and (3.14) we can conclude that
S∆F ≤ 2n
3
S(S − n). (3.15)
Let T1M be the unit tangent bundle ofMn. AsMn is a maximal hypersurface in Hn+11 , from (2.2) we obtain
Ric(v, v) ≥ −(n− 1), ∀v ∈ T1M. (3.16)
Thus the Ricci curvature of Mn is bounded from below. Since K is bounded away from zero it follows that F is a smooth
function bounded from below. Thus we can apply Lemma 2.1 to F , obtaining a sequence of points {pk} inMn such that
lim
k→∞ F(pk) = inf F , limk→∞ |∇F(pk)| = 0 and lim infk→∞ ∆F(pk) ≥ 0. (3.17)
Evaluating inequality (3.15) at points pk, taking the limit, and using (3.17) we get
0 ≤ S∆F ≤ 2n
3
S(S − n),
which implies S ≥ n. But by Ishihara [4] we have that 0 ≤ S ≤ n. So S = n and from Theorem 1.3 of [4] we conclude that
Mn is isometric to the hyperbolic cylinder H1(c1)× Hn−1(c2). 
Proof of Corollary 1.2. Observe that K < 0 if and only ifM4 has three principal curvatures with the same sign. 
In the proof of Theorem 1.3, we need the next two lemmas. First of all, wemust observe that from (3.16)Mn is a complete
hypersurface with Ricci curvature bounded from below and S =i,j h2ij is a smooth function bounded from below. Then we
may apply Lemma 2.1 in order to obtain a sequence of points pk inMn such that
(i) S(pk) < inf S + 1k , (ii) |∇S(pk)| <
1
k
and (iii)∆S(pk) > −1k . (3.18)
Moreover, by Ishihara [4] we know that S ≤ n and taking a subsequence if necessary we can assume that
lim
k→∞ λi(pk) = λi, λi ≠ 0. (3.19)
The lemma below extends Lemma 3.1 when R is not constant.
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Lemma 3.2. Let Mn be a complete maximal hypersurface with constant non-zero Gauss–Kronecker curvature in Hn+11 . If there
exists a subsequence of points {pk} defined as in (3.18) and (3.19) such that
|hnnj(pk)| = max{|hiij(pk)|, i = 1, . . . , n}
then limk→∞ hiij(pk) = 0, i = 1, 2, . . . , n.
Proof. For any fixed point p on Mn we can choose a local orthonormal frame field {e1, . . . , en} such that hij = λiδij. By
changing the orientation forMn and renumbering e1, . . . , en if necessary, we may assume λn < 0 < λ1 ≤ λ2 ≤ · · · ≤ λn−1.
Let us suppose that such a subsequence exists and, by abuse of notation, let us still denote it by {pk}. If necessary, consider
the subsequences {pk} and {p′k}where hnnj(pk) ≥ 0 and hnnj(p′k) < 0.
Using the subsequence {pk}, by (3.18) we have
−1
k
< Sj(pk) = 2 n−1
i=1
(λihiij + λnhnnj)(pk) = 2 n−1
i=1
λi(hiij − hnnj)(pk)
where in the last equality we replaced λn by−n−1i=1 λi. Then
−1
2k
< λi(pk)(hiij(pk)− hnnj(pk)) ≤ 0,
and
lim
k→∞ λi(
pk)(hiij(pk)− hnnj(pk)) = 0.
But from (3.19) we get also
0 < lim
k→∞
1
λi(pk) = 1λi <∞.
Then
0 = lim
k→∞
1
λi(pk) limk→∞ λi(pk)(hiij(pk)− hnnj(pk)) = limk→∞(hiij(pk)− hnnj(pk))
and we can conclude that
0 =
n−1
i=1
lim
k→∞(hiij(
pk)− hnnj(pk))
= lim
k→∞

n−1
i=1
hiij(pk)− (n− 1)hnnj(pk)
= lim
k→∞(−nhnnj)(pk),
where on the third equality we replaced
n−1
i=1 hiij(pk) by−hnnj(pk).
Finally we obtain
lim
k→∞ hnnj(
pk) = 0. (3.20)
Using the subsequence {p′k}, by (3.18) we have
n−1
i=1
(λihiij + λnhnnj)(p′k) =
n−1
i=1
λi(hiij − hnnj)(p′k) = Sj(p′k) <
1
k
,
which implies that
0 ≤ λi(p′k)(hiij(p′k)− hnnj(p′k)) <
1
k
,
and
lim
k→∞ λi(p
′
k)(hiij(p
′
k)− hnnj(p′k)) = 0.
As in the case of the subsequence {pk}we have
lim
k→∞ hnnj(p
′
k) = 0. (3.21)
It follows from (3.20) and (3.21) that limk→∞ hnnj(pk) = 0 and as |hnnj(pk)| = max{|hiij(pk)|, i = 1, . . . , n}, then limk→∞
hiij(pk) = 0, i = 1, 2, . . . , n. 
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Next lemma will play a crucial role in our proof.
Lemma 3.3. Let Mn be a complete maximal hypersurface with constant non-zero Gauss–Kronecker curvature in Hn+11 . If there
exists a subsequence of points {pk} defined as in (3.18) and (3.19) such that
|hn−1n−1n(pk)| = max{|hiin(pk)|, i = 1, . . . , n− 1}
then limk→∞ hiin(pk) = 0, i = 1, 2, . . . , n− 1.
Proof. As in the proof of Lemma 3.2, let us suppose that such a subsequence exists and if necessary, let us consider the
subsequences {pk} and {p′k} such that hn−1n−1n(pk) ≥ 0 and hn−1n−1n(p′k) < 0. By (3.18) we have
− 1
k
< Sn =
n−2
i=1
λihiin + λn−1hn−1n−1n + λnhnnn
=
n−2
i=1
(λi − λn)(hiin − hn−1n−1n)− nλnhn−1n−1n. (3.22)
Moreover we also have
0 = log | det(hij)| =
n−2
i=1
1
λi
hiin + 1
λn−1
hn−1n−1n + 1
λn
hnnn
=
n−2
i=1

1
λi
− 1
λn

hiin −
n−2
i=1
1
λi
hn−1n−1n +
n
j=1

1
λj
− 2
λn

hn−1n−1n
=
n−2
i=1

λn − λi
λiλn

(hiin − hn−1n−1n)+

−n
λn
+
n
j=1
1
λj

hn−1n−1n. (3.23)
Adding Eq. (3.22) multiplied by

−n
λn
+nj=1 1λj with Eq. (3.23) multiplied by nλn we obtain
−

−n
λn
+
n
j=1
1
λj

1
k
<
n−2
i=1

− n
λn
− n
λi
+
n
j=1
1
λj

(λi − λn)(hiin − hn−1n−1n).
Evaluating the above equation atpk and taking the limit for k →∞we get
lim
k→∞

− n
λn
− n
λi
+
n
j=1
1
λj

(λi − λn)(hiin − hn−1n−1n)(pk) = 0. (3.24)
Then using (3.19) in the same way as in Lemma 3.2 it follows
lim
k→∞(hiin − hn−1n−1n)(pk) = 0,
and we can conclude
0 =
n−2
i=1
lim
k→∞(hiin(
pk)− hn−1n−1n(pk))
= lim
k→∞

n−2
i=1
hiin(pk)− (n− 2)hn−1n−1n(pk)
= lim
k→∞(−(n− 1)hn−1n−1n(pk)− hnnn(pk)). (3.25)
Since
n−2
i=1
λi(hiin − hn−1n−1n)+ λn(hnnn − hn−1n−1n) = Sn < 1k ,
we have
0 ≤ λn(hnnn − hn−1n−1n) < 1k −
n−2
i=1
λi(hiin − hn−1n−1n).
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Evaluating the above equation atpk and taking the limit for k →∞ it follows from (3.19) and (3.25) that
lim
k→∞ λn(
pk)(hnnn(pk)− hn−1n−1n(pk)) = 0. (3.26)
Since limk→∞ λn(pk) = λn < 0, by (3.25) and (3.26) we obtain
0 = lim
k→∞(−(n− 1)hn−1n−1n(pk)− hnnn(pk))+ limk→∞(hnnn(pk)− hn−1n−1n(pk))
= lim
k→∞(−nhn−1n−1n(pk)).
Then
lim
k→∞ hn−1n−1n(
pk) = 0. (3.27)
As in the case of the subsequence {pk}we have
lim
k→∞ hn−1n−1n(p
′
k) = 0. (3.28)
Then it follows from (3.27) and (3.28) that limk→∞ hn−1n−1n(pk) = 0 and as |hn−1n−1n(pk)| = max{|hiin(pk)|, i = 1, . . . ,
n− 1}, then limk→∞ hiin(pk) = 0, i = 1, 2, . . . , n− 1. 
Proof of Theorem 1.3. It follows essentially the pattern of the proof of Theorem 1.1. As in the previous proof, for a given
point p ∈ Mn, take a local orthonormal frame field {e1, e2, . . . , en} such that hij = λiδij.
Changing the orientation ofMn and renumbering e1, . . . , en if necessary, we can assume that λn < 0 < λ1 ≤ λ2 ≤ λn−1.
As K is a non-zero constant as in (3.7) we get
0 = ∆F = −

i
1
λ2i
h2iii −

i≠j

1
λ2i
+ 2
λiλj

h2iij −
n−1
i=1

1
λ2i
+ 2
λiλn

h2iin −
n−1
i=1

1
λ2n
+ 2
λiλn

h2nni
− 1
3

i≠j≠k

λi + λj + λk
λiλjλk

h2ijk + n(S − n). (3.29)
Using the expression above we will show that inf S ≥ n. As in the proof of Theorem 1.1 let us consider the subsets given in
(3.12), where gj ∈ {1, 2, . . . , n} is the largest index such that |hgjgjj| = max{|hiij|, i = 1, . . . , n}.
We can rewrite the expression (3.29) as
0 = −
n
i=r+1
1
λ2i
h2iii −

i≠j
i,j≤n−1
(i,j)≠(gj,j),j=r+1,...,t

1
λ2i
+ 2
λiλj

h2iij −
n−1
i=1

1
λ2i
+ 2
λiλn

h2iin
−
r
j=1

1
λ2n
+ 2
λjλn

h2nnj +
1
λ2j
h2jjj

−
t
j=r+1

1
λ2n
+ 2
λjλn

h2nnj +

1
λ2gj
+ 2
λjλgj

h2gjgjj

− 1
3

i≠j≠k

λi + λj + λk
λiλjλk

h2ijk + n(S − n)−
n−1
j=t+1

1
λ2n
+ 2
λjλn

h2nnj. (3.30)
As in the proof of Theorem 1.1 we show that, with the possible exception of
n−1
i=1

1
λ2i
+ 2
λiλn

h2iin andn−1
j=t+1

1
λ2n
+ 2
λjλn

h2nnj, all the other terms in (3.30) are nonpositive and so
−
n−1
i=1

1
λ2i
+ 2
λiλn

h2iin + n(S − n)−
n−1
j=t+1

1
λ2n
+ 2
λjλn

h2nnj ≥ 0. (3.31)
Using Lemma 2.1 for the function S we obtain a sequence of points pk inMn satisfying (3.18) and (3.19). Evaluating (3.31)
at pk and taking the limit for k → ∞ we will arrive to the conclusion. In fact, given such an arbitrary sequence {pk} and
taking i = n and j = t + 1, . . . , n− 1 on Lemma 3.2 we get
lim
k→∞ hnnj(pk) = 0, (3.32)
since for the set C = {t + 1, . . . , n− 1}we have |hnnj| = max{|hiij|, i = 1, . . . , n}.
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Notice that for 1 ≤ i ≤ n− 2, renumbering the principal curvatures if necessary, we have
1
λi
2 +
2
λiλn
= λn + 2λi
λi
2λn
=
(λi − λn−1)−
n−2
j=1,j≠i
λj
λi
2λn
> 0. (3.33)
Hence, except possibly

1
λ2n−1
+ 2
λn−1λn

h2n−1n−1n, all other terms in the first sum of (3.31) are nonnegative.
If there exists a subsequence of {pk} such that |hn−1n−1n(pk)| = max{|hiin(pk)|, i = 1, . . . , n− 1}, by Lemma 3.3 we get
lim
k→∞ hiin(pk) = 0, i = 1, 2, . . . , n− 1. (3.34)
Otherwise, excluding the finite numbers of points {pk} such that |hn−1n−1n(pk)| = max{|hiin(pk)|, i = 1, . . . , n − 1}, we
obtain a sequence {pk} satisfying |hlln(pk)| = max{|hiin(pk)|, i = 1, . . . , n − 1} with l ≠ n − 1. Then we can readily check
that 
1
λ2l
+ 2
λlλn

h2lln +

1
λ2n−1
+ 2
λn−1λn

h2n−1n−1n ≥

1
λ2l
+ 1
λ2n−1
+ 2

1
λlλn
+ 1
λn−1λn

h2n−1n−1n
=

1
λl
− 1
λn−1
2
+ 2

λn + λl + λn−1
λlλn−1λn

h2n−1n−1n. (3.35)
By evaluating (3.31) at pk and taking the limit for k →∞, from (3.32) to (3.35) we arrive to
n(inf S − n) ≥ 0,
which implies that inf S ≥ n. From Ishihara’s inequality [4] we have sup S ≤ n, so we get n ≤ inf S ≤ sup S ≤ n and
inf S = sup S = n. By Theorem 1.3 in [4], we conclude thatMn is isometric to the hyperbolic cylinderH1(c1)×Hn−1(c2). 
Proof of Corollary 1.4. SinceM4 has negative constant Gauss–Kronecker curvature, thenM4 has three principal curvatures
with the same sign. 
4. Final remarks
In [17] Wu constructed infinitely many mutually non-congruent maximal hypersurfaces in Hn+11 with two distinct
principal curvatures λ and µ, with multiplicities n − 1 and 1, respectively. Considering λ > 0, m = 1 and H1 = 0, by
Theorem 3.1 in [17], ω = λ− 1n satisfies the ordinary differential equation
d2ω
du2
= ω(−(n− 1)λ2 + 1), (4.1)
which by integration reduces to
 dω
du
2 = c+ω2−2n+ω2, where c < 0 is constant. The positive constant solution λ =  1n−1
corresponds to the hyperbolic cylinder H1(c1)× Hn−1(c2).
By taking any nonconstant solution λ of (4.1) and applying themethod developed byWu, we obtain a complete maximal
hypersurface M˜ of Hn+11 whose scalar curvature R and Gauss–Kronecker K are given by
K = µ(λ)n−1 = −(n− 1)λn,
and from (2.4)
R = −1+ 1
n(n− 1)S = −1+
1
n(n− 1) ((n− 1)λ
2 + µ2) = −1+ λ2.
Further, Wu also proved in Theorem 4.3 of [17] that any hypersurface constructed according to his method and non-
congruent to H1(c1)× Hn−1(c2)must satisfy inf(λ− µ)2 = 0, or equivalently inf λ = 0.
Thus M˜ is a complete maximal hypersurface M˜ of Hn+11 whose scalar curvature R and Gauss–Kronecker K satisfy
0 = inf |K |, K = −(n− 1)λn, R = −1+ λ2, λ > 0, λ nonconstant.
It shows that the assumptions in Theorems 1.1 and 1.3 of this paper cannot be dropped.
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